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Abstract

Control Systems of autonomous vehicles or Driver Assistant Control Systems always face
uncertainties due to the in-vehicle and environmental disturbances. In addition, the steering ability
for rear tires leads to more stability and more handling and maneuverability. In this paper the
adaptive sliding mode control (ASME) strategy is employed to improve handling issues due to the
road’s friction, which plays a key role in handling dynamics. . The proposed dynamic model used
in this paper is simple and useful two-degree of freedom model. In this paper, two parallel ASMCs
are used: one for positioning error and the other for angular error. The simulation are executed for
two different road conditions with considering the hypercritical condition. To verify the designed
controller, the controller is applied to the non-linear full vehicle model. The simulation results
prove that the controller perfectly works for different road conditions. The controller is also robust
against uncertainties such as road friction.
Keywords: Autonomous Vehicle, Four-Wheel-Steering Vehicle, Vehicle Lateral Control,
Adaptive Sliding Model Control
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1. Introduction

Autonomous vehicles, which is recently the subject of research and development of many well-
known car companies, is a driverless vehicle in which properties of traditional vehicles are
preserved. Taking advantages of some technologies such as Lidar, GPS, radar and computer vision,
autonomous vehicles can sense the environment. Vehicle’s control system interprets the obtained
data and regarding the possible obstacles and street signs, navigates the vehicle in an appropriate
path. One of the major problems in this field is the safet and security issues, particularly in diverse
weather conditions. The vehicle should be able to retain its stability in any environmental
condition.

One approach for increasing the stability and enhancing the handling and maneuverability of
vehicle is to use Four Wheel Steering (4WS) [1]. Rear steering in for 4WS will result in two control
inputs (rear and front steering angle). Adding rear steering broadens the ranges of choices in
designing the controller. In other words, in vehicles with one input for the controller, position and
orientation errors should be eliminated, but in the case of 4WS vehicles, one controller is assigned
for position error and another one for orientation error.

Researchers have shown that the closed loop control design can significantly enhance the
stability of 4WS vehicles. They have used numerous control rules in designing a 4WS vehicle. The
authors of [2] have used optimal control rule to navigate the vehicle, and five models to establish
the relationship between rear and front steering angle. In this models, rear steering angle can be
proportionally related to front steering angle. In the model, the rear steering angle functions
depending on front steering angle, longitudinal velocity, and yaw rate. In another model, rear
steering angle is independent of front steering angle. In addition to [2] in which the optimal control
rule is used, authors of [3] [4], and [5] have also taken the advantages of this rule. Moreover, [6]
is used an optimal controller for yaw momentum and rear steering angle for 4WS. The designed
control rule in [6] is effective in handling stability enhancement. However, the gain of steady state
of yaw rate depends on the steering angle applied by the driver. Thus, the gain decreases in higher
velocities. Consequently, understeering occurs and the responsibilities of driver increases. Due to
the limitations of optimal controllers, [7-9], the optimal controller is integrated with robust
controllers Heo to achieve a better performance, particularly in higher velocities. The authors of
[10] have also used IMC technique based on optimal controller Heo and achieved more satisfying
results.



Regardless of many issues, due to their better response and simpler implementation in empirical
systems, PID controllers have attracted much interests. Fuzzification [11] and adaptation [12] of
PID controller’s coefficients will simply result in a non-linear behavior in the controller.
References [13], [14], and [15] have used a Pl to control a 4WS among which the controller used
in [13] is non-linear.

The authors of [16] have controlled yaw angle in a 4WS using fuzzy logics. Moreover, [17] has
used two fuzzy controllers to monitor the side slip angle and yaw rate. The authors of [18] have
controlled a 4WS using a neural fuzzy system and genetic algorithm. The use of an optimization
algorithm in this fuzzy controller have yielded more satisfying results such as more accurate path
tracking.

Due to the changes of system parameters over time and some unknown parameters, using
adaptive and robust control rules has better response in vehicles. Wakamatsu et al. [19] and
Shiotsuka et al. [20] have used a feedback and feed-forward controller and the friction coefficient
between tires and vehicle to design an adaptive controller for 4WS vehicles. Shiotsuka et al. [20]
have also used the artificial neural networks to train a system to generate cornering forces of tires.
The inputs of this system are velocity and friction coefficient between tires and the road. The
authors of [21-24] have developed control systems that are robust against parameter changes and
external disturbances such as crosswinds. In [23], a vehicle model with parameters that vary with
time has been used. The longitudinal velocity in different times is provided to the system by a
controller and, then, the model parameters change.

Another method of designing robust controllers is to use sliding mode controllers that is able to
control the system under uncertainties and external disturbances. Tires’ lateral stiffness, the
friction between tires and the road, and disturbances such as crosswinds and robustness against
different maneuvers are usually considered in sliding mode controllers for 4WS vehicles [25-32].
Reference [24] has integrated a state-feedback and a sliding mode controller using fuzzy rules.
Reference [30] has used a fractional order sliding mode controller. The results of that research
shows more system stability. Reference [33] has used an adaptive fuzzy sliding mode controller
with Fuzzy Boundary Layer for controlling a 2WS autonomous vehicle. The authors of [31] and
[32] have designed a fault-tolerant control using sliding mode controller. Reference [34] has used
a non-linear model predictive control (MPC) to control a 4WS vehicle. In addition, some
researchers have used the decoupling to design a controller independent of any motion [14, 15, 24,
35-37].

In this paper, using two parallel controllers, the position and the angle of vehicle with respect
to desired path as input are simultaneously controlled. In the next section, the dynamic model has
been presented and the dynamic model based on position and angle errors is obtained. Then,
controlling strategy and parallel adaptive sliding mode controllers are designed. In section 3, the
definition of Lyapunov function and stability criteria, and the stability of adaptive controllers are
studied. In section 4, the response of the system in different weather conditions in a sinusoidal
maneuver is simulated. To simulate the proposed controller, the non-linear full vehicle model is
employed.

2. Modeling
2.1. The bicycle model



In this paper, a simplified 2 degree-of-freedom vehicle model, which is known as bicycle model,
is used for control development as shown in Figure 1. The model has two state variables such as
yaw rate and sideslip angle.

[Insert Figure 1]

Assuming the longitudinal velocity of vehicle to be constant, and neglecting the roll, pitch, and
bounce effects, the model can be obtained from the lateral dynamic equations as presented in Eq.
1 [38].The parameters of model are also listed in Table 1.
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[Insert Table 1]

The linear tire model has been used in this dynamic vehicle model. The lateral tire forces are
shown in the following equation.
Fr = agcy = agcept

)

— *
Fr=apcr = apcpp

where «is sideslip angle, ¢*isthe nominal stiffness of tires, and p is coefficient of friction. Taking
into account the relationship between lateral velocity of vehicle and sideslip angle (Eg. 3), and the
fact that yaw rate of vehicle is equal to derivation of yaw (Eg. 4), one can apply Eq.3 and Eq. 4 to
Eq. 1 to obtain the bicycle model of vehicle with lateral position and yaw angle as degrees of
freedom (Eqg. 5).
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The vehicle model is subjected to some uncertainties, so the controller must be robust to achieve
a much better performance. One of the most important uncertainties that affects both stability and
handling is the coefficient of friction between tires and surface of the road. The value of coefficient
of friction for different environmental conditions is shown in Table 2. The minimum and
maximum values of friction coefficient studied in this paper are 0.01 and 1, respectively. All
coefficients of dynamic model are defined, based on these uncertainties, in Appendices | and II.
Moreover, for the purpose of simulation, the average value of dry and icy road friction has been



used. For more feasibility of simulation of dry road, the friction coefficient was considered equal
to one.

[Insert Table 2]

2.2. Vehicle model based on position and orientation error
To study the dynamic behavior of vehicle and to design controller, it is more suitable that the
dynamic equations be given in the form of a function of position and orientation error with respect
to the road. Lateral position and orientation errors are schematically shown in Figure 2 and are
defined as follows [39]:
e1 the distance of the C.G. of the vehicle from the center line of the lane

e, the orientation error of the vehicle with respect to the road

[Insert Figure 2]

The relationships between the errors and the model’s degrees of freedom is explained by the
following equation [39]:
e =y + Vi( —Ya) = Vx(B+ ¥ — Yq)
e; =Y =4
Using equations 5 and 6, dynamic equations of 4WS vehicle as a function of position and
orientation errors is obtained.

€, = a11€; +ajpe; +a53€; +byy6¢+ by, +diYy

(6)

(7
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where the value of coefficients are given in Appendix I. The input of this model with respect to
global coordinates is defined as follows [39]:

t
X es = j V, cos(ipg) dt
i ®)
Yges = f V, sin(Pq) dt
0

As shown in Figure 2, the desired yaw rate is equal to the slope of the road function. Since yaw
angle is small, x4 IS considered to be equal to V.

-1 Y.'des - Y.'des (t)
Xdes VX

g = tan ©)

And finally the output as a function of global coordinates is yielded and is given in reference

[39].

X = Xdes - eISin(Itb) (10)
Y = Yges + €1 cos(i)



3. Controller design

Sliding mode controller is a proper controller in confronting the uncertainties of controlling
system of autonomous vehicles. It has some advantages, such as good performance when there
exist un-modeled dynamics, non-sensitivity to parameter changes, excluding the external
disturbances, and fast dynamic response [40]. Typically, this controller is used when there exist
uncertainties in nonlinear systems. In this method of controller design, the range of uncertainty of
parameters should be known. In fact, the tracking problem in an n-order system is converted to a
one dimensional sliding surface stability problem. The main challenge of this method is chattering
phenomenon, which is resolved by defining a suitable boundary layer [41]. The objective of this
section is to design the sliding mode controller based on the dynamic system shown in Eq. 7. The
controller strategy used in this article is shown in the block diagram of Figure 3.

As shown in the Figure 3,, two adaptive sliding mode controllers are used in a parallel manner.
One of them is responsible to eliminate the orientation error using rear steering control input to
make the yaw angle of vehicle equal to the desired yaw angle of input. The other controller is
responsible to eliminate the position error using front steering control input to navigate the vehicle
on the input path. When these errors are simultaneously eliminated, the final output of vehicle
should completely track the input path.

[Insert Figure 3]

3.1. ASMC controller design for position error
Since the system is of 2 DOF, sliding surface is selected as follows:

d
Sl = <_ + )\1> 5{1 = él + 7&161 (11)
dt
where A, is positive, and X, is the position error.
%1 =eq (12)

Differentiating sliding surface yields
§; = (811 + )& + 8126, + 8536, + bygue + byyup + diig (13)

where ur and ur are rear (8,) and front (&) steering angle. According to Reference [41], the
best controlling rule for the position error is yielded from § = 0. Therefore, putting $; equal to
zero, the best controlling rule is obtained as

Ufeq = _Bfll(ﬁl) (14)
where {i; is defined as
0 =A118, +a55e; + 8138, + bypup + dy g (15)

According to Reference [41], the sliding criterion is as follows

1d
Easl(t) <mls; (O]

To satisfy this equation, the extra term is added to the ug.q as shown in Eq. 17..

(16)



Ur = Ugeq — ky D1i'sign(s;) 17)

The bounds of k, is provided in Reference [41] as

ky > y(F; +m9) + (v — DGy (18)
F1 is defined as
It — & | < Fy (19)

f, is an approximation of f;. In fact, the upper bound of this approximation has been limited by
F,. The relationships for f;, f;, and F, are presented in Appendix II.
In order to eliminate the chattering, saturate function is used, instead of Sign function. Saturate
function is provided in Equation 20 and is shown in Figure 4.
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[Insert Figure 4]
Finally, the equation for SMC controller is obtained as
~_ S1
Up = Upeq — klblllsat(¢—) (21)
1

Although there are several advantages in using sliding mode controller, but in needs to know
the upper and lower bounds of uncertainties to compute the switching gain. Thus, to avoid the
computation of the upper bound of uncertainties, an adaptive rule for computation of sliding or
switching gain is presented here. For this purpose, controlling signal is rewritten as [42]:

~ ~ S
UtasMC = Ufeq — elnlb;fsat(—qj) (22)
1

where 8, is switching gain and is updated using the following formula.
01() = Q51 (D) (23)

6,(0)=0

where Q, is positive and constant. This constant allows us to select the adaptive velocity in an
arbitrary manner. There are, however, some constraints which will be addressed in the proper part.

3.2. ASMC controller design for orientation error
Considering the fact that the system is of 2 degrees of freedom, the sliding surface is chosen as

d 5 , (24)

SZ = (a‘l‘)\z)Xz = e2 + 7\162



where A, is positive and X, is the position error
X, =€ (25)

Differentiating from the sliding surface, we have

$1 = 8,18 + 450, + (A3 + A)é, + byyup + byyuy + dyg (26)
Similar to the previous controller, the best control is achieved when Eq.26 is set equal to zero.

Ureq = —b323 (i) (27)
where {i; is expressed as

i, = 8,181 + Ayp0, + Aysey + bygup + dyiig (28)

According to Reference [41], the sliding surface is defined as

S0 < s, ) )
A term will be added to ugq to satisfy this condition.

Ur = Upeq — k,b52sign(s,) (30)
The bounds of k, is obtained as

ky > y(Fz +m2) + (v — DI (31)

and similar to previous controller, F, is defined as

&5 —1,| <F, (32)

The relationships between f, £, and F, are presented in Appendix II.
In order to eliminate the chattering, Sat function and boundary layer is used. Therefore, the final
SMC control signal is obtained as

LS,
Uy = Ureq — k,b3; Sat(@) (33)

Again, adaptive controller rule is applied, and the control signal (22) is rewritten as

I S,
UrasMc = Ureq — ezﬂzbzzlsat(_(p ) (34)
2

where 8, is switching gain and is updated using
0,(t) = Qyls, (D)
8,(0)=0

where (), is a constant. This constant helps in choosing the adaptive velocity for switching gain
arbitrarily. However, there are, again, some constraints, which are addressed in Section 4.

(35)

4. Stability Analysis of the Designed ASMC Controller
4.1. Stability Analysis of position error controller

To analyze the controller designed for position error, the candidate Lyapunov function is chosen
as



1 b1151_11 A (36)

Vl = 5512 + 2 912
where 0, is defined as
él = 61 - 91 (37)

and 0, is equal to k; obtained from the SMC controller
0 = kg = y(Fy +1y) + (v — DIy (38)
To analyze the Lyapunov stability, the candidate Lyapunov function is differentiated
Vi =518 + by1b776,6;
= 51(A1181 +apze; + 2136,
+ b11(_bf11){A11é1 +a;5e; + 4538, + bypu +diPg + 91Q1Sign(51)}
+byoup + diPg) + by b1 (01 — 01)Q 51 (D)

< |A1181 + 3506, + 3538, + byou, + a1lin||S1(t)| + |1 - b116511||ﬁ1||51(t)|
—by1b77 0191151 (D] + by1b77 0194151 ()] — by1b71 0,045 (D]

using Appendix |1, we have
V; < Fylsy (O + 1=y Is; O 1=y (v(Fy +10) + (v — DI Dy Is; (D]

Vi < (1= Q)F; 4 1=y 10 DIsy (O] = 11 Q4 [s1 (D)

Since 1, is positive, the above inequality is satisfied, only when Q, is larger than 1. Therefore,
we have

4.2. Stability Analysis of Orientation Error Controller
The Lyapunov function for this controller is similar to the previous section. That is

1 b,,b31

V, = —s2 + 22222 (40)
2 2

where 0, is defined as

62 = 62 - 92 (41)

and 6, is equal to k, obtained from the SMC controller.
0, =k, = y(F, +n2) + (v — DGy (42)
To analyze the Lyapunov stability, the candidate Lyapunov function is differentiated

Vy = 538, + by b338,0,



= 52(“21é1 + aze; + Azzé,
+ bzz(—bz_zl){amél + dyze; + Agzéy + byyup + daypg + Hzﬂzsign(sz)}
+ by up + dzlpd) + baybys (65 — 62)02,]s,(t)]

< |@2161 + Tppep + Apzéy + Bmuf + szl/.)d“sz(tﬂ + |1 - b2252_21||a2||52(t)|
— baob35 0,025, ()| + byabs; 6,02, 5, ()| — baybyy 6,0, ], (1)

Using Appendix Il, we have
Vo < Folso (O] 4+ 11—y I Is, (D1 =y 1 (v(F2 + n2) + (v — D021 Q4 s, (D)]

Vi < (1= Q) (F; + 1=y 02D Is2 (0] — n2Q3 s, (D)

Since 1 is positive, the above inequality is satisfied, only when Q, is larger than 1. Therefore,
we have

Q=21 - V,<0 (43)

5. Results and Discussion

Generally, the controller output signals that are rear and front steering angles was designed as
follows

Sl = él + 7\161
~ i~ A ~ ~ ~ ~ ~_ S1
Urasmc = _b111(A11e1 + a55e; + 3536, + bypup + d1¢d) - Glﬂlbnlsat(a)
1
0,(t) = Q1s; (O]

6,(0)=0

Sz = éz + 7\262
A -~ A ~ A oS
Urasmc = —bz; (32131 + a5, + Agzéy + byiup + dz‘bd) — 0,Q,b3; Sat((F)
2
02(0) = Qyls, ()]

6,(0)=0

where A; €, A, »Q, are adjustable controller design parameters. In addition, A coefficients are
larger than zero, and Q coefficients are larger than 1 and determine the adaption velocity.
The input maneuver is sinusoidal and we have
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where W is equal to 3.74 (the width of each lane). The sinusoidal curvature of the maneuver has
been plotted in Figure 5.

[Insert Figure 5]

With applying this input, obtaining the suitable input yaw rate, and considering the block
diagram shown in Figure 3, it is possible to obtain the output of the system for two different
weather conditions and a velocity of 40 m/s based on the designed controller. The equations of
motion in the CarSim math models are valid for full nonlinear 3D motions of rigid bodies. It is not
required to know the details of the linkages and gears in the suspensions and steering, hence,
reducing the amount of information needed to obtain accurate predictions. The components that
have significant effect on handling, braking, and acceleration are represented with nonlinear tables
of measurable data. Figure 6 illustrate the output of the system for two different road frictions (u
=0.1,1). Inset (a), in figure 6, indicates the vehicle’s path and the reference path. Insets (b) and
(c), in figure 6, indicate the yaw angle and lateral position errors. Insets (d) and (e), respectively,
indicate the sliding surface of two parallel ASMC controllers. Insets (f)-(i) show vehicle side slip
angle, yaw rate, and yaw and roll angle. Also, Insets (j) and (K), respectively, indicate the rear and
front steering angle as outputs of the controller for fictions =1 and u = 0.1.

As it is shown in Inset (a) of Figure 6, in the case of a friction equal to one, the vehicle perfectly
tracks the desired path. This prefect tracking can be induced from the low value of lateral position
(b) and orientation errors (c). For icy road with friction value of 0.1, the system shows acceptable
tracking. The vehicle only deviates from the path at its maximum curvatures. As it can be seen
from Inset (c), the orientation error has variations which result in deviations of vehicle from the
desired path. However, since the error range is short (0.2 degree), this issue is not significant in
path tracking. Insets (d) and (e) show that both sliding surfaces, in the absence of chattering,
converge to zero. The range of these surfaces is higher for lower frictions. In regard to appropriate
performance of the controller in each friction coefficient, the side slip, yaw, and roll angle, and
yaw rate are roughly equal. The output of the controller is considered as the input of the steering
system of the autonomous vehicle, which has a low value for both road frictions due to the high
longitudinal velocity of vehicle. The ratio of values of rear steering angle to front steering angle is
appropriate. If this ratio become higher than this, due to the high longitudinal velocity and critical
maneuver, the possibility of unstability exists. Therefore, in addition to lyapanov stability analysis,
this ratio indicates a suitable performance of the proposed controller. The presence of variations
in the steering angle indicates the efforts of the controller to minimize the lateral position and
orientation errors. The control strategy presented in this paper, which employs two parallel
controllers, is applicable to control a real 4WS autonomous vehicle.
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[Insert Figure 6]

Conclusions

In this paper, an adaptive sliding mode controller has been designed to track the path of an
autonomous 4WS vehicle. The controller strategy of this system includes parallel controlling of
position and orientation errors of the vehicle. The simplified bicycle model was employed as a
plant model for control development purposes. Also, for the purpose of simulation of control
strategy, the non-linear full vehicle model has been employed. In addition, with the help of defining
Lyapunov functions, the stability of the system has been examined. The results of simulation of
this controller show favorable tracking of the path for two different road condition (u=21and p =
0.1). Considering the stability analysis based on the Lyapanov theorem, the proposed controller is
able to resist against parameter variations such as velocity and friction variations and the
uncertainties resulting from non-linear model. Further researches can focus on addressing external
disturbances, such as crosswinds, analyzing simultaneous longitudinal and lateral performance of
the vehicle, using a fuzzy boundary layer to reduce the controlling signal, eliminate the chattering,
and increase the accuracy of uncertainties, and applying the controller to a real time system.
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Appendix I- Coefficient of vehicle 2-DOF motion equations
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Figure Captions List

Fig. 1 Vehicle 2-DOF bicycle model

Fig. 2 Global and body fixed coordinate relationship and schematic of e1 and e2 [39]
Fig. 3 Block diagram of proposed control low
Fig. 4 Saturate function behavior

Fig. 5 Desired Path input
Fig. 6 System response for p=1and p=0.1
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Table Caption List

Table 1 Parameters of vehicle [43]
Table 2 Friction Coefficient for different road condition
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Table 1:

Symbol Variable name Value Unit
i Road friction coefficient [s-15] -
M Mass 1421 [ka]
J Yaw moment of inertia 2570  [kg.m?]
lg Front axle-COG distance 1.195 [m]
L, Rear axle-COG distance 1.513 [m]
Cr Cornering stiffness of front tire 170550 [N/rad]
C, Cornering stiffness of rear tire 137844 [N/rad]
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Table 2:

Pavement type

Coefficient of adhesion

Nominal Value

Dry 0.9-1.2 1.05
Wet 0.5-0.89 0.695
Snow 0.2-0.49 0.345

Ice 0.01-0.19 0.1

20



Figure 1:

21




Figure 2:

AY

22



Figure 3:
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Figure 6:
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